ON THE SECOND DERIVATIVES OF AN EXTREMAL-INTEGRAL
WITH AN APPLICATION TO A PROBLEM WITH
VARIABLE END POINTS®

BY

ARNOLD DRESDEN

INTRODUCTION

In a paper published in volume 9 of these Transactions, formule
were obtained for the second derivatives of the extremal-integral arising in
the problem of minimizing or maximizing the integral f F(a,y, 2, y)dt.
In these formule the derivatives were expressed in terms of particular solutions
of the Weierstrass form of Jacobi’s differential equation.f They were used
in the same paper to obtain further necessary conditions for a minimum of the
above mentioned integral, when one or both endpoints were variable along a
curve,} or when curves with discontinuous slopes were admitted as solutions
of the problem. It is the author’s aim to use the same general method in
analogous problems involving integrals of a more general type, and also in
the cases in which the unknown functions are further conditioned by differ-
ential and algebraic equations. As a first step in this direction, we obtain in
the present paper the second derivatives of the extremal-integral arising in
the theory of the integral

(D ff(-’t,yu Sy YUns Yty s Yn)d (' = dy:/dz),

and express them in terms of particular solutions of the differential equations
which correspond to Jacobi’s equations for the simpler problem. The formule
for these derivatives are then used for finding further necessary conditions to
be satisfied by a curve C in the space of n 4+ 1 dimensions which is to furnish a

* The contents of sections 1 and 2 of this paper are contained in the paper presented to the
Society at the Chicago meeting of December, 1914, an abstract of which appeared in the
Proceedings of the National Academy of Sciences for March, 1914,

t Compare Bolza, Vorlesungen tiber Variationsrechnung, p. 306-313 (this book will be re-
ferred to in the sequel by the author’s name only), and Dresden, these Transactions,
vol. 9 (1908), pp. 467 and 472.

1 The conditions here referred to had been found before by Bliss, these Transactions,
vol. 3 (1902), p. 136, and Mathematische Annalen, vol. 58 (1903), p. 70.
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minimum for the integral (1), when the initial point of C is allowed to move
along a fixed curve L.*

A number of familiar facts concerning the integral (1) which will be needed
in the development of our problem have been collected in section 1. In
section 2 the formulz for the second derivatives of the extremal integral are
obtained, and in section 3 these formul® are applied to the problem with
variable initial point.

Concerning the function f, which appears in the integral (1), we assume that
it is of class C"” with respect to all of its arguments; the functions y ()
which are admitted as solutions of our problem must be of class C”’. We shall
moreover use the following abbreviated notations:

fo=0f/ox,  fi=0f/0y:,  fars = Of/0y:,

and similar notations will be used for the second derivatives. A point in
n 4+ 1 dimensional space of codrdinates , y1, + -+, ¥ will be designated by
(z; y), and similar notations will be used for sets of numbers which can be
interpreted as codrdinates of points in spaces of higher dimensionality. Finally
the notation f® will be used to indicate that the function f(x; y; y’) is to be
taken with the arguments (x;; y:; yi) -

1. PRELIMINARY DEVELOPMENTS

Any set of functions y; (), -+, yn () which is to furnish a minimum or
a maximum for the integral (1) must satisfy the system of differential equa-
tions

of d of i
2) 5;{—%55/‘= (¢=1,--+,n),
known as Euler’s differential equations.t Such a set of functions defines a
curve in the space of n + 1 dimensions, called an extremal for the problem;
we shall use repeatedly geometric terminology consistent with this inter-
pretation of the set of functions y; (). From the general existence theorems
for differential equations,} we know that the general solution of the system
of differential equations (2) is of the form

(3) yi=gi(x;a1"'°’an;61)"'}Bﬂ) (¢=1,.-+,n),

the functions g; being of class C"’ with respect to all of their arguments and
ai, * -+, B, being 2n arbitrary constants.

* For the case n = 2, this problem has been treated by Miss M. B. White in her paper,
The dependence of focal points upon curvature for problems of the calculus of variations in space,
these Transactions, vol. 13 (1912), p. 175.

t See Bolza, p. 542.

1 Ibid., pp. 175-179.
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We suppose now that we have found an extremal passing through the two
points 4 (ao; @) and B (by; b) and satisfying the conditions of Clebsch and
Mayer.* The second variation of the integral (1) can then be put into the
form

2 1)
0’1 = ;—f %;. (P n: m + 2Qux m: me + Rix mi i) d,
ay

where 91, + -+, 7. are arbitrary functions of z of class €’ vanishing for 2 = a
and for « = by, and where Py = fir, Qi = fi, nsx and Ry = fors, ntx, these
functions being taken along the given extremal. If the integrand which ap-
pears in this formula for the second variation be denoted by 22, and if we write

we obtain, by means of Euler’s theorem on homogeneous functions and by the
familiar integration by parts, the following result:

& bo
1 =2—f v da.
ao 1
The system of equations
(4) ¢i(77) =O: (¢=1,---,m),

is a system of linear differential equations of the second order in the unknown
functions 7;; it is a self-adjoint systemt and is called, after Von Escherich, the
accessory system of differential equations;} we observe moreover that it is
the direct analogue of Jacobi’s equation for the simplest problem of the cal-
culus of variations. It follows further§ that a fundamental system of 2n
solutions of the equations (4) may be obtained by differentiating the furctions
g:, which appear in the equations (3), with respect to each of the parameters
ai, -+, Bn and then replacing these by aio, - -+, Bno, the latter being the
values which furnish the given extremal if put in place of ay, - -, 8, in equa-
tions (3). We obtain in this way the following 2n systems of solutions of
equations (4):

(5) 391/3ai, "';ayn/aai; agl/aﬂi’ "'yagn/aﬁi: (t=1,:-+,n),

the arguments of these functions being ; g, * -, Bno-

We consider now two points P; (;1; y1) and P (a2; y2) in the neighbor-
hood of 4 (ay; a) and B (bo; b), respectively. Since the extremal AB satis-
fies the Mayer condition, we can conclude that it is possible to construct an

* Bolza, p. 608 and p. 619.

t Hadamard, Legons sur le Calcul des Variations, p. 319.

1 Bolza, p. 622; further references are given there.
§ Bolza, p. 623 and Hadamard, loc. cit., pp. 336-339.
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unique extremal through the points P; and P, i. e., that it is possible to solve
the equations

(6 Y= gi(@5 a1, -+, Bn)s Yo = gi(Tp5 00, o0+, Ba)

uniquely for a; and B; in terms of z, 3, y1; and y2;.* We denote the solu-
tions of these equations by:

(7)) o = As(21, 25 Y11, =+ 5 Y2m) s Bi = Bi(x1, 25911, *** 5 Y2m) -

Substitution of equations (7) in equations (3) furnishes the following analytical
representation for the extremal through the points P, and P;:

Ys =,g,-(:c;A1(x1, ""y2n)’ "',Bn(xla ""y%))
®

= Yi(x; 21, 25 Y11, -0, Y2n) -

Upon substituting from equations (7) in equations (6), we see that the func-
tions Y;, which are defined by equations (8), satisfy the following initial con-
ditions:

9 Ye(xl;xl, To; Y11, *°° ,yzn) = Y1, Yi(xz; X1, %, Y115 0 5 Yon) = Y2i-

Differentiation of these equations with respect to x1, 22, yu1, - -+ , ¥2s furnishes
furthermore the following relations, which will be of use in the sequel:

Y:/0z1|, + Yi(z1) = 0, Y:/0zs|; + Yi(z2) = 0,
(10) 0Y:/dyyl, = 0, 0Y:/dx:|, =0,  9Y:/dyy|, = 8y,
3Y;/0z1|, = 0, aY:/0y;l, =0, 3Y:/8ysi|, = &ij,

or, expressed in different form,
dg; 4; = dg; aBj} _
go(x1)+z:{aa 6x1+613,- axl .

o 04y o0 a1
gi (22) +E{6a, 322 T 96, oz | |,

99 34; 09»-1&'} _ {?ﬂéﬁ 29.59!&} _
(1) Z{aa rroat Tl | Il URRD S ool b b ot vl { d F

69. aA ag; 8B, } _ {% 3_441 3_9,_8_3, } _
2 { 3a; 3yun 1 98, 3y [ 1= 57| Bag Oy T 38; g | = O
{ag. 94, ag‘-@} Z{% 94; %aB,-}
aa, ayl;. aﬁ,- Oyu. ’ é)aj ayz;, aB,- ayg;. 2
(1: = 1, cee, My h = 1’ ...,n).

’

=0,

= 8"7&)

" % Bolsa, p. 59 Bolza, p. 597.
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We compute now the integral (1) along the extremal PP, by substituting
the functions Y, - - -, ¥, and their derivatives with respect tox,for y1, - -, ¥n
and y;, - -, ¥, respectively in the integral (1). This integral becomes then
a function of the 2n 4+ 2 coérdinates of the points P; and P.;* it is known
as the “ extremal-integral ”:

I(xy, 22, Y11, -5 You) =f'f(w; Yy, -+, Ya3 Y1, -+, Yo)dz.

The first derivatives of this function I with respect to its different arguments
were first given by Hamilton,* and we shall use them as a basis for the com-
putation of the second derivatives; we have the following formulee:

0I/dxy = — f(x; y; 1) + ‘Zf»+i(ft1; Y Y1) Vs
(12)  9I/3z2 = f(a2; ¥2;92) — Z‘:fm(xz; Y23 Y2) Yszis

01/3y1; = — fari (R y1391),  0I/3yas; = fayi (225 Y25 ¥2),

where y;, y1 are abbreviations for the sets (y11, ***, ¥1s) and (Y11, -+ *, Yin)
respectively.

2. 'THE SECOND DERIVATIVES OF THE EXTREMAL-INTEGRAL

For the determination of the second derivatives of the function I it is neces-
sary to know the derivatives with respect to 1, - -, yz. of the quantities
Y11, ***» Yinand y21, -+ -, Y2o which determine the slope of the extremal P; Pz,
at its end-points. If we denote by z any one of the codrdinates of the points
P; and P;, we obtain immediately, upon differentiation of equations (8),

the result, 390 94, 2B

g: 9 39«' ;
13 - (5e 5% %)
from which the desired derivatives may be obtained by differentiation with
respect to . Furthermore equations (11) enable us to determine expressions
for 04;/0z and dB;/dz; for we have there a set of 2n linear non-homogeneous
equations for each of the 2n + 2 sets of 2n unknowns which we get if we let z
assume in succession each of its values. These sets of equations all possess
finite unique solutions provided Mayer’s condition is satisfied along the ex-
tremal Py P;. That this will indeed be the case, if the points P; and P; are
taken sufficiently near to the points 4 and B, respectively, follows from our
conditions on the extremal 4B and from the continuity of Mayer’s deter-
minant:t

* Bolza, p. 599.
t Bolza, p. 611.
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day da, 9B1 9Bx

TR - e
(14) Az, o) = &

aall aan[ aﬁll aBnl

30(11 aa,.l aﬂll aﬂnl

We denote now by A (z, ;) the determinant obtained from A (z, z;) by
replacing the substitution symbol |; in the last n rows by |2; by A (21, 2)
the result of replacing the first n rows of A («, ;) by the last n rows of
A(z, 21); by Ajx (x; 21, ) the result of replacing the jth row of A (z1, 2)
by the kth row of A (x, 21); and by Vjx (; 1, x2) the result of replacing the
(n + 7)th row of A (2, x2) by the kth row of A (2, ;).

With this notation we can write down the results of solving equations (11)
for dA4;/3z and dB;/dz; substitution of them in equations (13) leads to the
following formulee:

Yy Ap(zia, @, YV _ A (75 21, 22)

dy; A(m,x) 9z ;gi(xl) Az, 2)

Yy Vi (x; 71, 22) aYk_ Vir (T; 21, 23)

oys;  A(m,a) ’ 0w —;g;(xz) A(xy, x2)
From these we obtain by direct differentiation the derivatives with respect
to a1, - -+, Y2a Of the quantities yy1, - - -, yzn, namely:
3?Y. Ap(x;xi, ) 2%, , Al (x5 21, 2)
axaylj— A(a:l; wz) ’ axaxl_ - ;g‘(xl) A(:lh, zz) ’

(15)

@Y Valzsz,m) Y. > itz y Vir (25 21, 22)
0xdys;  A(ai, 22) °  0z0ms 4V TA (2, )

From the definition of the functions Aj; and V;; combined with the properties
of the functions (5), it follows that the functions

Ui = Aji (x; 21, 22) /A (21, 22), ik = Vir (2; 21, 22)/A (21, 22)

furnish for every fixed j a solution of the accessory system of differential
equations, and that they satisfy the following initial conditions:

(16)  wp(x1) =0, up(x) =0; (1) =0, v (x2) = 0jx.

These initial conditions show moreover that each of the systems of functions
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u; and v constitute, in the terminology of Von Escherich, a “ conjugate
system ”’ of solutions of the accessory system of differential equations.*

We can now express the second derivatives of the extremal-integral in terms
of these solutions of the accessory system of differential equations. Differ-
entiation of equations (12) yields, by the use of equations (10) and (15), the
following theorem:

THEOREM I. The second derivatives of the extremal integral for the integral

Sfy, o ymut, o, ya)da

are given by the formule
Ly = =59+ 3 fSuetis + T Bhanss v
- %fg-)hi,nﬂ' Y1i Yue iy (21),
Ly, =f9 - };f’,’m Yai — %fﬁ.ﬁ‘,w Yai Yo
+ %’; fg-)u, nti Yai y;k v;‘j (z2),
L,y = — %fﬁl;,wyisy;k v (&) = %fﬁﬂe,w Yoi Yur Ua (22)
Liu=—-fP+ ngzf-j,iy;i + ;fs:-)l-j,n+ky’lj wir (21),
J

= — fOnss — Zj: e niyis + Zk: T nts Yk i (1) 4
J:

I o = 2 O e 150k (1) = — D0 F O s Yow Ui (22),
an 7 E
I i = — jzkfs;z-)i-j,n+k !/;j Uik (22) = ;fﬂ-)f-t,nﬁ :'/;k ’vllcj(xl) )

I, 2 =f(.?) - ;fﬁj,ty;j - j;fﬁaz-)i-j,n+loy;i”;k(x2):
f)z,)n-u + Z fnmw n+j 3”2} - Zk: fiﬂt, ntj y;k ’D;cj (x2),
J J

Li = — ;fg-)ﬂ,n-f-ku}k(xl) —fﬁ}li,j

= - ;f(r:-)u,wk uzk(xl) - 531..‘4:
L 95 = — Xk:fg-)'-i,ﬂ+kv;k(x1) = Zk:fsﬂj,mrku'ek(xz),
Lo, 25 = & + ;fﬁ!—)o-i,n+k v (xe) =[S+ ;fg-)ff.n+k v (22)

* See Bolza, p. 627; Hadamard, loc. cit., p. 339; also von Escherich, Wiener Ber ichte,
vol. 107 (1898), p. 1222.
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where the functions ug and vy are the solutions of the accessory system of differ-
ential equations (4) which are characterized by the initial conditions (16). The
subscripts of I specify the variables with respect to which the differentiations
are made, single subscripts designating the variable z, while pairs of subscripts
designate the y’s. Thus I,, 1; = 8% /3 dy1s.

From the continuity restrictions imposed upon the function f, it follows that
the results of differentiating the extremal integral should be independent of
the order of differentiation and hence that the two different expressions given
for certain of the derivatives in formule (17) should be equal to one another.
This fact leads to eight relations between the expressions given in theorem I.
It is important for certain applications and as a check upon the accuracy of
the formule themselves, that these relations should be derived directly from
the properties of the functions u; and vix. We shall denote by (4), (B),
(C),(D),(E),(F), (G),and (H) the relations resulting from setting equal
to one another the two expressions occurring in each of formule (17;) to (1710)
respectively.

In the first place we observe that certain of these relations follow from
others; the remaining ones will then be proved to hold as a consequence of the
properties of the functions %y and vi. If in (G) we interchange the indices
1 and j, then multiply through by yi; and sum with respect to j, and finally
interchange the indices j and & in the second sum, we obtain (C). If (G)is
multiplied through by y2; and then summed with respect to j, and if finally
the summation indices in the first sum are interchanged, we obtain (D).
Next, we multiply (D) through by yi:, sum with respect to < and replace the
indices 2, j, and k in the second sum by k, j, and ¢, respectively; in this way we
obtain (4).*

The functions y;(x) which occur in our formul®e are solutions of Euler’s
differential equations (2). Substituting these functions in the differential
equations and carrying out the differentiation in the second member, we obtain
the following identity:

(18) Jo,ngi + Zk:fw'.k v + ;frm.m yi = fi.

We now multiply (F) through by 7:;, sum with respect to j, interchange the
indices 7 and k on the left side and add to it equations (18) with z; substituted
for z; in this way we obtain (B). Using y;; and 2, in analogous manner en-
ables us to show that (H) implies (E). It remains therefore to prove (G),
(F),and (H).

To prove the last two relations, we remember that u;i, and also v;, are con-
jugate systems of solutions of the differential equations (4); hence we havet

* (A) may also be derived from (C).
t Bolza, p. 626; Hadamard, loc. cit., p. 319
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lﬁ(uj; ui) =0,

where u; and u; designate the systems (uj1, -, %jn) and (i, -, Uin),
and where

o0 a0
Vm) = Z[m@ - ra—n—]

k

The equation ¢ (u;; u;) = 0 reduces to
; i1 (Qrr wix + Ry wix) — ;uil(leujk + Ry uz) = 0.

If, in this relation we put z equal to 2, and make use of the initial conditions
to which the functions u;; are subject, we obtain

Qi + ; Ri;uix = Qii + zk: Rui: wj,

which is equivalent to (F') in virtue of the meaning of the symbols @,; and R;;.
The corresponding treatment for the functions vj will prove the relation
(H). Finally we have for any two systems of functions uy and vj the
relation*

; 21 (Qkr wie + R uin) — 4:; i1 (Qu v + Rrivjx) = const.

If we put  successively equal to z; and to z; and set the two resuits equal
to each other, making use at the same time of the initial conditions on the
functions uj; and v;;, we obtain (G).

3. THE CASE OF ONE VARIABLE ENDPOINT

We suppose now that the endpoint P; of our extremal P; P, is allowed to
move along a curve L in the space of n + 1 dimensions, whose equations are

19) z=£(t), yi=mn(), V=t=t.
We suppose that this curve has no singular points, i. e.,
(20) SO+ DIMmE+0, ¢=tst

and that it is of class "’ in the interval (¢'t").

We assume furthermore that we have found an extremal E
(21) yi=yi(z), m=r=,
which satisfies the following conditions:

I. The condition of Clebsch:t

* Bolza, p. 626; Hadamard, loc. cit., p. 319.
t Bolza, p. 608.
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At every point of the extremal the quadratic form ) Ry {; {x must be
ik

positive, 1. e.:
(22) 2 Ratite >0, m=z=a..
ik

II. The condition of Mayer:*

4
x2§xl;

where 27 is defined as the root next following upon z; of Mayer’s determinant
(14). The point P; determined upon E by z; is known as the conjugate point.
III. The value ¢, of ¢ furnishes on L the point where it intersects the extremal
E;i. e,
E=Et) =2, mi=mn(h)=1y(21) = yu.

IV. The function f does not vanish at the point of intersection of the curves
Land E;i. e, f¥ = f(21; 91; 1) * 0.

We ask now what further conditions the extremal E must satisfy in order to
furnish a minimum for the integral (1) among all admissible curves which
join a point on L to P,. For this purpose we compute the extremal integral
along E. Since the coordinates of P, are fixed and the coordinates of P; are
all functions of the single variable ¢, the extremal integral will become a func-
tion of ¢ alone,

Iz 25 92) = IT(E();m(2); 20592) =T (1),
which must satisfy the ordinary conditions for a minimum at ¢;, namely,
I'(ty) =0, T"(4)=0.
By the use of formulee (12), we find:

P’(tl)——'+Z 77;|1=—fif(l)+; 0Li (81 91 — M)

Its vanishing requires, as is well known, that L must cut the extremal E trans-
versally at P,. This condition of transversality, together with condition
IV implies that
(23) 2 ci+0,
where ¢; = £ y1i — ms.

A first value for I'"’ (t) is given by the formula

oI ol ., oI *I
7 (t) =a—w1£"+ ;‘%m +a7§$2+223x ay.f i
(24) o
+Zay1 ayl Ni Ny

* Ibid., pp. 610-619.
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In the expressions (17) for the second derivatives of I we replace the solutions
ux; of the Jacobi equations by the fundamental system of solutions ¢, whose
matrix reduces at @ = a; to the identity matrix. Then it follows that

n Z(jk) (xZ) , Z(.i") (xZ)
uik—goik_r=n+l Z(xg) g-fk) ujk(xl) = - Z(xz) ’

where Z (z) is the determinant || (r=n+1, -+, 2n;k =1, .-+, n),
and ZU® (z) is this determinant after its kth column has been replaced by
$its o0 5 $m.  With the help of (17,), (174), and (175) equation (24) then takes
the form

I (4) = A(21) + B (21, 22),
where

A(zy) = —fOF — O’ + Ziﬂ:z;(s’{ Y — i)
+ ;E;ﬁl)(gi ?/'lc' - 277{.') - Zﬁ:ﬁ,‘li,,-c,‘ ¢y

_ (k) : o
B (21, x2) Z(h)%Z’ (22) Ra (x1) cicj.

We investigate now the behavior of the function B (z) = B(x,, ) as x
varies from 2, to z;, merely sketching in the briefest way the proofs of the

results. We find

1
B (z) = — W%ﬂiici(’h

where R (z) is the determinant |R;| and
Bij = — R(xl); Ra(2,)[ZZG® — 7' ZWP]

25
( ) = kzu;Rik(l‘l)ZuPuZuR;j(xl),

in which Z;; is the cofactor of {i; in Z (), and p;, the cofactor of R;, (x) in
R(x). The last expression for 3;; is derived from the first by applying suc-
cessively formule (70), (65), and (55) in Chapter XII of Bolza’s Vorlesungen,
and remembering that the function ¢ of formula (55) is a constant which can
be evaluated at z;, where the values of the functions ¢, are prescribed. In
these formuls, the solutions z, u of Jacobi’s equations are to be replaced by
solutions of the matrix ¢, defined above; and for our case the multipliers p, r are
all equal to zero identically, since there are no adjoined differential equations.

The quadratic form > Bsjc;c; is positive, on account of condition (23)
together with the fact that it is derived from the quadratic form ) ps 21 2,
by two linear transformations whose determinants are equal to Z and R
respectively. We have Z + 0 because the Mayer condition is fulfilled and
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because the Mayer determinant (14) reduces to Z when the functions (5) are
expressed linearly in terms of the functions {,x. Further R # 0 on account of
condition I, and since the matrix |p;,| is the matrix of the cofactors of R, the
form Y pi, 21, is positive. If we now apply condition I once more, we
conclude that B’ (z) is steadily negative on the interval z; < z < ;.

The initial values of the functions {,; at « = x; are known, and hence the
first few terms of the Taylor expansions for the numerator and denominator
of B(z) can be found. It is found that in the neighborhood of z;, we may
write

1
r —

B(z) = {;Rij(xl)cicj+a1(x—:c1)+---},
so that B (z) approaches 4+ « as x approaches z; from the right.

Finally, setting = equal to z; in the two expressions for 8;; given in formula
(25), we obtain, since Z (z;) = 0,

R(z) ;Rﬂc(xl)z’ AR %Rik(xl)zklpls Zis Rij (1),

the argument = being everywhere replaced by z;. It follows from this that
the numerator of B () reduces to

1
W;Bﬁ Ci Cj,y

which is different from zero; further, since the denominator vanishes, B (x)
becomes infinite as x approaches z; , and it must approach — « , because B’ (x)
is negative.

From these facts it follows that the function B (z;, ) decreases univari-
antly from + « to — « as z increases from ; to ;. Hence there is an
unique value )’ between z; and z; such that I'’ (#,) is positive for every value
x, satisfying the condition ; < 2, < 2. The point defined on E by zY
is called the ““ focal point ”’ of L on E. We have therefore the following the-
orem:

TrEOREM II. If an extremal arc E with the properties I-IV minimizes the
integral (1) with respect to arcs joining a fixed curve L to a fixed point P, , then
1t must be cut transversally by L at their point of intersection Py, and it must
Jurther be such that the focal point of L on E s not between P, and P,.
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